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Abstract: This report describes the use of a new optimization 
technique, complex optimization, which may be applied to the 
synthesis of distrbbuted-auPnped-active networks, i.e ., networks 
comprised of elements which are distributed, lumped, or active 
ure. A constraint procedure which m y  be used eo insure 
the realizability o f  the network parameters and which avoids 
local optima in the optimization process is described. Several 
examples. o f  the application of the process to specific network 
configurations are g iven.  
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Automated S y n t h e s i s  of D i s t r i ~ ~ u t e d - E u m p e J - ~ ~ c t  i v e  N e t w o r k s  Us ing  
Cons t r a i n e d  C:)mp lex  Opr imiza t  i o n  
1 ,  I n t r o d u c t i o n  
This is  one  o f  a ser ies  o f  r e p o r t s  c o n c e r n i n g  t h e  use  o f  d i , ; i t a l  
c o m p u t a t i o n a l  t e c h n i q u e s  i n  t h e  a n a l y s i s  and s y n t h e s i s  of DLA ( e i s t r i b u t e d -  
- Lumped-Active) ne tworks .  T h i s  c l a s s  of ne tworks  c o n s i s t s  o f  t h r e e  d i s t i n c t  
t y p e s  of e l emen t s ,  namely d i s t r i b u t e d  e l emen t s  (mode1ed by p a r t i a l  d i f f e r e n -  
t i a l  e q u a t i o n s ) ,  lumped e l e m e n t s  (modeled by a l & e b r a i c  e q u a t i o n s  and o r d i n a r y  
d i f f e r e n t i a l  e q u a t i o n s ) ,  and  a c t i v e  e l emen t s  (modeled ijy a l g e b r a i c  e q u a t i o n s )  
Such  a c h a r a c t e r i z a t i o n  i s  e s p e c i a l l y  a p p l i c a b l e  t o  t h e  broad c lass  o f  c i r -  
c u i t s  r e f e r r e d  t o  as l i n e a r  i n t e g r a t e d  c i r c u i t s ,  s i n c e  t h e  r e q u i r e d  f a b r i c a -  
t i o n  t e c h n i q u e s  f o r  t h e s e  c i r c u i t s  r e a d i l y  produce  e l e m e n t s  which may be 
r e f e r r e d  t o  as " d i s t r i b u t e d " ,  as w e l l  as p r o d u c i n g  elemerrts which  rnay be 
c h a r a c t e r i z e d  as  "lumped" a n d / > ) r  " a c t i v e " .  The DEA c lass  of  ne tworks  is  
c a p a b l e  of r e a l i z i n g  network f u n c t i o n s  w i t h  a wide r a n g e  of p r o p e r t i e s .  I n  
a d d i t i o n ,  s u c h  r e a l i z a t i o n s  u s u a l l y  have fewer components and s u p e r i o r  
C h a r a c t e r i s t i c s  t h a n  r e a l i z a t i o n s  u s i n g  o n l y  lumped e l emen t s ,  o r  r e a l i z a -  
t i o n s  u s i n g  lumped e l e m e n t s  and a c t i v e  e l e m e n t s ,  DLA ne tworks  a l s o  have t h e i r  
d i s a d v a n t a g e s .  One of t h e  most s i p i f i c a n t  of t h e s e  is t h e  d i f f i c u l t y  o f  p e r -  
fo rming  s y n t h e s i s  p r o c e d u r e s ,  i . e .  d e t e r m i n i n g  ne twork  t o p o l o g i e s  and  e l emen t  
v a l u e s  s u c h  t h a t  t h e  ne twork  meets some s p e c i f i e d  c h a r a c t e r i s t i c s .  Al though 
s y n t h e s i s  p r o c e d u r e s  have been developed  f o r  ne tworks  c o n t a i n i n g  o n l y  lumped 
e l emen t s ,  and f o r  ne tworks  c o n t a i n i n g  o n l y  d i s t r i b u t e d  e l emen t s ,  t h e s e  
p r o c e d u r e s  are  n o t ,  i n  g e n e r a l ,  a p p l i c a b l e  t o  t h e  DLA class o f  ne tworks .  One 
of t h e  most f r u i t f u l  approaches  t o  t h e  s y n t h e s i s  o f  s u c h  ne tworks  h a s  been 
t h e  u s e  o f  o p t i m i z a t i o n  t e c h n i q u e s  implemented on t h e  d i g i t a l  computer .  I n  
t h i s  r e p o r t  a new approach  t o  t h e  a p p l i c a t i o n  of s u c h  o p t i m i z a t i o n  methods is 
p r e s e n t e d .  The approach  is c a l l e d  complex o p t i m i z a t i o n .  It is d i s c u s s e d  i n  
inore d e t a i l  i n  t h e  ~ t ~ l l c w i r i ~  c.cc.: 1 'vr ih .  
XI. Complex O p t i m i z a t i o n  
I n  a c o n v e n t i o n a l  o p t i m i z a e i o n  problem, i f  i t  i s  d e s i r e d  t o  have t h e  
r e s p o n s e  c h a r a c t e r i s t i c  of a network match some s p e c i f i e d  s i n u s o i d a l  s t e a d y -  
s t a t e  magni tude  cu rve ,  a m e t h e m a t i c a l  model of t h e  n e t w o r k ' s  r e s p o n s e  f u n c t i o n  
i s  e v a l u a t e d  a t  a ser ies  of  d i s c r e t e  s i n u s o i d a l  f r e q u e n c i e s ,  as i n d i c a t e d  i n  
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F i g .  1. Next, a s c a l a r  e r r o r  f u n c t i o n  i s  computed, u s u a l l y  as a weighted  
sum o f  t h e  d i f f e r e n c e s  between t h e  d e s i r e d  and a c t u a l  c u r v e s 9  as e v a l u a t e d  
a t  t h e  s p e c i f i e d  f r e q u e n c i e s ,  F i n a l l y ,  an  o p t i m i z a t i o n  s t r a t e g y  is u t i l i -  
zed i n  such  a manner as t o  change t h e  network p a r a m e t e r s  t o  d e c r e a s e  t h e  
e r r o r  f u n c t i o n .  One o f  t h e  d i s a d v a n t a g e s  of t h i s  t y p e  of an  approach  is t h a t  
i t  r e q u i r e s  s e v e r a l  e v a l u a t i o n s  of  t h e  network r e s p o n s e  f u n c t i o n  f o r  e a c h  
a p p l i c a t i o n  o f  t h e  o p t i m i z a t i o n  s t r a t e g y .  In t h e  complex o p t i m i z a t i o n  p r o c e -  
d u r e  p r e s e n t e d  i n  t h i s  r e p o r t  t h e  network r e sponse  f u n c t i o n  is d e f i n e d  f o r  
complex f r e q u e n c i e s  e Thus, i f  a network c h a r a c t e r i s t i c  c o r r e s p o n d i n g  w i t h  a 
s p e c i f i e d  p o l e  o r  z e r o  l o c a t i o n  is d e s i r e d ,  t h e  o p t i m i z a t i o n  s t r a t e g y  need 
mere ly  maximize o r  minimize t h e  magni tude  of t h e  network r e sponse  f u n c t i o n  
at t h e  d e s i r e d  complex v a l u e s  of i t s  f requency  argument .  A s k e t c h  of t h e  
p r o c e s s  is shown i n  F i g .  2 .  
As a g e n e r a l  example of  t h e  a p p l i c a t i o n  o f  t h i s  p rocedure  c o n s i d e r  t h e  
use  of complex o p t i m i z a t i o n  t o  r e a l i z e  a s i n g l e  dominant complex c o n j u g a t e  
p o l e  p a i r  foi- a g iven  ne twork .  L e t  p be t h e  complex l o c a t i o n  of  e i t h e r  of 
t h e  c o n j u g a t e  p o l e s ,  l e t  5 be a v e c t o r  d e f i n i n g  t h e  v a l u e  of t h e  network p a r a -  
meters, and l e t  f ( p , x )  - be t h e  s q u a r e  o f  t h e  r e c i p r o c a l  of t h e  network f u n c t i o n  
magni tude .  The b a s i c  problem is t o  f i n d  some v e c t o r  5 such  t h a t  t h e  v a l u e  of 
f ( p , x )  is a r b i t r a r i l y  s m a l l ,  i - e . ,  t h e  magni tude  of t h e  network f u n c t i o n  i s  
v e r y  l a r g e .  In Fig .  3 ,  t h e  b a s i c  complex o p t i m i z a t i o n  a l g o r i t h m  f o r  accomp- 
l i s h i n g  t h i s  is p r e s e n t e d .  As shown i n  t h i s  f i g u r e ,  f i r s t  a s t a r t i n g  v e c t o r  
x is chosen .  Next,  an  o p t i m i z a t i o n  s t r a t e g y  is employed t o  modify x i n  such  
-0 -0 
a way as t o  minimize t h e  v a l u e  o f  f ( p , x ) .  
t han  some s p e c i f i e d  smal l  magni tude,  t h e  r e s u l t i n g  x is t h e  d e s i r e d  s o l u t i o n  
v e c t o r  5 .  
When t h e  v a l u e  of f ( p , s g )  is less 
-0 
T h e r e  a r e  s e v e r a l  major  advan tages  t h a t  r e s u l t  from t h e  u s e  of complex 
o p t i m i z a t i o n  r a the r  than  t h e  more u s u a l  n p t i m i z a t i o n  rlicthods. F i r s t  of a l l ,  
t h e  number o f  e v a l u a t i o n s  t h a t  need  be made f o r  e a c h  c y c l e  of  t h e  o p t i m i z a t i o n  
s t r a t e g y  is  c o n s i d e r a b l y  reduced .  F o r  example, i f  o n l y  a s i n d l e  p o l e  is  t o  be 
s y n t h e s i z e d ,  t hen  o n l y  a s i n d l e  (complex)  e v a l u a t i o i i  is r e q u i r e d  f o r  each  c y c l e ,  
a11 obvious  computa t iona l  advan tage  oYer t h e  5 - 1 0  e v a l u a t i o n s  a t  d i f f e r e n t  5 inu- 
so ide l  f r eque i i c i e s  t h a t  mi,<ht 'e r e q u i r e d  i i ~  c o n v e n t i o n a l  o p t  irnizat  ioii. Seconcl, 
i t  i s  p o s s i b l e  t o  p r o v i d e  c o n t r o ?  o v e r  t h e  phase  c h a r a c t e r i s t i c s  a s  w e l l  as the 
magnitude c h a r a c t e r i s t i c s  o f  t h e  tictworh, s i n c e  the  s y n t h e s i s  is i i i  terms of a 
s e t  o f  p o l e  a n d  z e r o  locations r a t h e r  t han  a i.ra;nitude cu rve  d e f i n e d  ove r  same 
f 
Pole Location 
Starting Point 0 + j.1 
Problem -1 4- 30.1 
S p e c i f y  f ( P , Z )  
\1- 
S e l e c t  x 
-0 
R( ohms) C( farads) 
0.056 11.19 
? ? 
is solution 11 r, 
Pig. 3 Basic Complex Optimization Procedure 
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Fig .  4 Complex Optimization Example Problem 
- -  .--.___ 
Fig. 5 Complex Optimization Example Problem 
5 
i 
l i m i t e d  f r equency  r ange .  F i n a l l y ,  a l l  t h e  wel l  Cnowri t e c h n i q u e s  of a p p r o x i -  
mat ion  t h e o r y  may tte used  t o  de t e rmine  t h e  d e s i r e d  p o l e  and / ) . r  z e r o  l o c a t i o n s  
f o r  a d e s i r e d  networh t r n a s f e r  c h a r a c t e r i s t i c .  Such approx ima t ion  is  c o n s i d e r -  
a b l y  more d i f f i c u l t  t o  a p p l y  i n  terms o f  a s i n u s o i d a l  madni tude c h a r a c t e r i s t i c .  
- 111. Examples of Complex O p t i m i z a t i o n  
As an  example o f  t h e  a p p l i c a t ; o n  of t h e  t e c h n i q u e  d e s c r i b e d  almve, a 
s o l u t i o n  f o r  a s y i i t h e s i s  problem u s i n g  t h e  rietworl\ shown in  F i g .  !+ was found.  
The v e c t o r  6 was chosen as (C, A )  where C is t h e  v a l u e  of t h e  t h e  t o t a l  
c a p a c i t a n c e  of t h e  d i s t r i b u t e d  network, and A is t h e  v a l u e  of t h e  g a i n  of t h e  
VCVS r e p r e s e n t e d  by t h e  t r i a n g l e  i n  t h e  f i g u r e ,  T h e  problem was t h e  r e a l i z a -  
t i o n  of  t h e  low-pass network f u n c t i o n  
t 
t hus ,  t h e  r e c i p r o c a l  o f  t h e  magni tude of t h e  vo l taAe t r a n s i e r  f u n c t i o n  a t  
p0 = - . 2  -b j l  was t o  be minirnized. 
found by u s i n g  t h e  complex o p t i r n i z a t i o n  a lAor i thm w i t h  a F l e t c h e r - P o w e l l  
o p t i m i z a t i o n  s t r a t e g y  a r e  C = l r . $ 8  F and A = 0.87. T h e  e r r o r 9  d e f i n e d  as 
I1/N(pO)\ i s  1,.237 x 10 a A c o r r e s p o n d i n g  s y n t h e s i s  u s i n g  a d e s i g n  c h a r t  
deve loped  by Kerwinl  which matches t h e  network magnitude c h a r a c t e r i s t i c  a t  
v a r i o u s  s i n u s o i d a l  f r e q u e n c i e s  gave C = 16 F, A = .87, and an  e r r o r  of 9.413 x 
10-3e A comparison o f  N(jL), t h e  a c t u a l  vaLues of t h e  second degree  f u n c t i o n ,  
w i t h  N1( jw),  t h e  op t imized  r e s u l t s ,  and N2( j m ) 2  t h e  r e s u l t s  from Kerwin, a t  
_10 1 o G a r i t h m i c a l l y  spaced  v a l u e s  of s i n u s o i d a l  f r equency  uk from 0.1 t o  10.0 
r a d / s e c  u s i n g  an  e r r o r  c r i t e r i a  d e f i n e d  a s  
The r e s u l t i n ;  v a l u e s  of t h e  pa rame te r s  
2 -8 
dave E 
complex o p t i m i z a t i o n  approach  t o  s y n t h e s i s .  A smal l  improvenient was a l s o  
n o t e d  i n  a s i m i l a r l y  d e f i n e d  phase  e r r o r  c r i t e r i a .  
= 2 3 . 7 4  and E2 = 2 . 2 6 ' ' ,  i n d i c a t i n g  t h e  improvement o b t a i n e d  from t h e  1 
As a second example of  t h e  power and u t i l i t y  of t h e  complex o p t i m i z a t i o n  
approach  t o  network s y n t h e s i s  t h e  c i r c u i t  shown i n  F i g ,  5 c o n s i s t i n g  of  t h r e e  
cascaded  D U  networks ,  e a c h  c a p a b l e  of r e a l i z i n g  a dominant complex-conjugate  
p o l e  p a i r ,  was used  t o  approximate  a b t h  o r d e r  max i rna l8y - f l a t -magn i tude  B u t t e r -  
wor th  low-pass f u n c t i o n ,  A second purpose  of t h i s  example was t o  i n v e s t i g a t e  
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Fig. 6 Parameter  Values  for t h e  Network 
shown in Fig. 5 
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Fig.  7 Pole  Locations for 6 t h - o r d e r  Maximally-Flat-Magnitudc 
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Fig .  8 Complex O p t i m i z a t i o n  Zxample Problem f o r  S imul taneous  
R e a l i z a t i o n  of a P o l e  and a Zero  
a 
i 
t h e  e f f e c t  o f  i n a c c u r a c i e s  which may r e s u l t  when D L A  network c o n f i g u r a t i o n s  
a r e  used t o  r e a l i z e  h igh -o rde r  network f u n c t i o n s .  Regardin,: t h i s  l a t t e r ,  
Bunker has  c l a imed  t h a t  t h e  e x a c t  r e a l i z a t i o n  o f  such  a maximally-f  la t -magni -  
t ude  c h a r a c t e r i s t i c  r e q u i r e s  t h e  s p e c i f i c a t i o n  U S  dominant p o l e s  which  are  
d i s p l a c e d  from t h e  t r a d i t i o n a l l y  accep ted  p u l e  l o c a t i o n s  f o r  a 6 t h  o r d e r  
B u t t e r w o r t h  low-pass f i l t e r , "  The v a l u e s  oi a se t  of pa rame te r s  f o r  t h e  ract- 
work shown i n  F i g .  5 which p r o v i d e  a r e a l i z a t i o n  based on t h e  d i s p l a c e d  B u t t e r -  
wor th  p o l e s  are  g iven  i n  F i g .  6 .  These v a l u e s  were used a s  a s t a r t i n g  p o i n t  
f o r  a complex o p t i m i z a t i o n  p rocedure  des igned  t o  minimize t h e  r e c i p r o c a l  magni- 
t u d e  of t h e  v o l t a g e  t r a n s f e r  f u n c t i o n  f o r  t h e  e n t i r e  network a t  t h e  p o l e  
p o s i t i o n s  no rma l ly  used f o r  a 6 t h  o r d e r  max ima l ly - f l a t -magn i tude  B u t t e r w o r t h  
low-pass  f i l t e r ,  These  complex l o c a t i o n s  arc  t a b u l a t e d  i n  F i g -  7 .  The 
r e c i p r o c a l  v o l t a g e  t r a n s f e r  f u n c t i o n  f o r  t h e  i t h  s t a g e  o f  t h e  c i r c u i t  shown 
i n  F i g .  5 is  
> 
of t h e  
E used  
where Pi = RoiCoi9 and Roi  and Coi are  t h e  t o t a l  r e s i s t a n c e  and c a p a c i t a n c e  
d i s t r i b u t e d  RC uni form l i n e  used f o r  t h e  i t h  s t a g e .  The error c r i t e r i o n  
f o r  t h i s  problem is 
( 4 )  
2 3 
i = l  
E = Z  G i  
where 
and t h e  p are  t h e  u p p e r - h a l f - p l a n e  B u t t e r w o r t h  p o l e  l o c a t i o n s .  Using Bunker 's  
v a l u e s  from F i g .  6 f o r  t h e  ne twork  p a r a m e t e r s  gave a n  e r r o r  E = 7.487 x 10 
f o r  t h e  ne twork .  S t a r t i n g  from t h e s e  v a l u e s ,  and u s i n g  complex o p t i m i z a t i o n ,  
a f t e r  e i g h t  i t e r a t i o n s  of a F l e t c h e r - P o w e l l  o p t i m i z a t i o n  s t r a t e g y  t h i s  e r r o r  
was reduced  t o  4.830 x 10 - The c o r r e s p o n d i n g  op t imized  pa rame te r  v a l u e s  
a re  g iven  i n  F i g .  6 .  X t  is r e a d i l y  observed  t h a t  t h e s e  va lues  d i f f e r  o n l y  
s l i g h t l y  f r o m  t h e  ones  o r i g i n a l l y  de t e rmined  by Bunker.  To  compare t h e  p e r f o r -  
mance of t h e  network shown i n  F ig .  5 u s i n g  t h e  two d i f f e r e n t  se t s  of pa rame te r  
-5  i 
- 12 
v a l u e s ,  namely, Bunker ' s  o r i g i n a l  v a l u e s  and ones found by complex o p t i m i z a -  
t i o n ,  an  e v a l u a t i o n  was made of t h e  m a p i t u d e  of t h e  a c t u a l  n e t w o r k  f u n c t i o n ,  
t h e  ne twc ; rh  w i t h  Bunker 's  pa rame te r  v a l u e s  and t h e  networh w i t h  t h e  v a l u e s  
de t e rmined  by complex o p t i m i z a t i o n  f o r  110 s i n u s o i d a l  frequencies l o g n r i  thnii-  
c a l l y  spaced  from 0.1 t o  10 r a d i s e c ,  An e r r o r  c r i t e r i o n  d e f i n e d  A S  
where t h e  w are t h e  s i n u s o i d a l  f r e q u e n c i e s ,  I B( jdi)I is t h e  a c t u a l  magni tude  
of t h e  B u t t e r w o r t h  f u n c t i o n  e v a l u a t e d  a t  ksk9 
t r a n s f e r  f u n c t i o n  magni tude  e v a l u a t e d  a t  t h e  f r equency  w 
t h e  c o r r e s p o n d i n g  magni tude  o f  t h e  ne twork  produced  iy complex o p t i m i z a t i o n .  
The r e s p e c t i v e  e r r o r s  are  E = 1289 (for t h e  Bunker ue twor ;  p a r a m e t e r  v a l u e s )  
and  E = 1365 ( f o r  t h e  complex o p t i m i z a t i o n  ne twork  pa rame te r  v a l u e s ) .  The 
d i f f e r e n c e  between t h e  t w o  errors is o b v i o u s l y  r e l a t i v e l y  smal l .  It  i s  of even 
less s i g n i f i c a n c e  when one  examines t h e  d a t a  and noLes t h a t  t h e  major c o n t r i -  
b u t i o n  to t h e  d i f f e r e n c e  o c c u r s  i n  t h e  h i g h  f r equency  r e g i o n  where a t t e n u a t i o n s  
o f  o v e r  100 d , )  o c c u r .  
k 
I N l ( ~ , ~ h ) l  i s  t h e  Bunhex network 
and [ t i2( j w , )  I is b , 
1 
2 
A s  a t h i r d  example o f  t h e  use  of complex o p t i m i z a t i o n ,  and one  which 
r e q u i r e s  t h e  g e n e r a t i o n  of  m t h  p o l e s  and  z e r o )  c o n s i d e r  t h e  ne twork  shown i n  
F i g .  8. L e t  u s  assume t h a t  i t  i s  d e s i r e d  t o  u s e  t h i s  network c o n f i g u r a t i o n  t o  
produce  a complex-conjugate  p o l e - p a i r  a t  p = 0.1 -t j0.6 and a CQmplex-conju&ate 
z e r o - p a i r  on t h e  jt.) a x i s  a t  z = 4- j l .  Choos ing  t h e  v a l u e  o f  t h e  lumped 
resistor as u n i t y ,  f o u r  p a r a m e t e r s  of t h e  network remain  t o  be found.  I n  F i g .  
9 t h e  v a l u e s  of t h e  a r b i t r a r i l y  chosen  s t a r t i n g  p o i n t  fo r  t h e  v e c t o r  5 r e p r e s e n t -  
i n g  t h e s e  p a r a m e t e r s  are  t a b u l a t e d .  The error  E c o r r e s p o n d i n g  w i t h  t h i s  c h o i c e  
1 - 
1 -  
of pa rame te r  v a l u e s  was 1,249, where 
r 
p = z  1  ( 7 )  
A f t e r  14 i t e r a t i o n s  of a F l e t c h e r - P o w e l l  o p t i m i z a t i o n  a lgor i thn  t h e  error  was 
r educed  t o  2 . 7 6 6  x 10 a The r e s u l t i n g  v a l u e s  of t h e  p a r a m e t e r s  f o r  t h i s  e r r o r  
a re  a l s o  t a b u l a t e d  i n  F i g .  9 .  To v e r i f y  t h e  v a l i d i t y  of t h e s e  r e s u l t s  a compar- 
abbe  s e t  of  v a l u e s  f o r  t h e  network p a r a m e t e r s  were d i r e c t l y  de t e rmined  from ;E 
- 7  
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Is f(p,x)!&O? ->Apply an o p t i m i z a t i o n  
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Fig.  10 Basic C o n s t r a i n e d  Complex O p t i m i z a t i o n  P rocedure  
10 
1 d e s i g n  c h a r t  for t h i s  network p r e s e n t e d  by Keawin The network pa rame te r  
v a l u e s  a r e  shown i n  t h e  r i g h t  column o f  t h e  t a b l e  i n  F i g 6  9 ,  Comparing t h e s e  
v a l u e s  w i t h  t h o s e  o b t a i n e d  by complex o p t i m i z a t i o n  it: is obvious t h a t  ~ o o d  
agreement  is a t t a i n e d .  A c t u a l l y ,  t h e  error a s s o c i a t e d  w i t h  t h e  network paxa-  
meter v a l u e s  found by Kerwin (which were d e r i v e d  by matching  t h e  magnitude 
c h a r a c t e r i s t i c  a l o n g  t h e  ju a x i s )  is 0.0258,  T h i s  i s  c o n s i d e r a b l y  h i g h e r  t han  
t h e  e r r o r  o b t a i n e d  by t h e  u s e  of complex o p t i m i z a t i o n .  
IV, C o n s t r a i n e d  Complex O p t i m i z a t i o n  
One problem t h a t  arrises i n  a l l  a p p l i c a t i o n s  of  o p t i m i z a t i o n  methods, 
i n c l u d i n g  complex o p t i m i z a t i o n s ,  is t h e  tendency  of o p t i m i z a t i o n  s t r a t e d i e s  
t o  converge  toward a l o c a l  r a t h e r  t h a n  a g l o b a l  optimum. I n  a d d i t i o n ,  s u c h  a 
local  optimum may r e p r e s e n t  p h y s i c a l l y  u n r e a l i z a b l e  s e t s  of network parameters, 
f o r  example,  n e g a t i v e - v a l u e d  ones .  I n  t h i s  s e c t i o n  a t e c h n i q u e  is p r e s e n t e d  
f o r  imposing c o n s t r a i n t s  on t h e  g e n e r a l  complex o p t i m i z a t i o n  p rocedure  such  
t h a t  o n l y  g l o b a l  o p t i m a l  s o l u t i o n s  w i t h  p h y s i c a l l y  r e a l i z a b l e  v a l u e s  f o r  t h e  
network p a r a m e t e r s  are  o b t a i n e d .  The method i s  c a l l e d  c o n s t r a i n e d  complex 
o p t i m i z a t i o n .  I t  i s  cove red  i n  more d e t a i l  i n  t h e  f o l l o w i n g  p a r a g r a p h s .  
The method of c o n s t r a i n e d  complc% o p t i m i z a t i o n  may tw e x p l a i n e d  as f o l l o w s :  
L e t  f ( p , x )  be a f u n c t i o n  of some complex sca la r  v a r i a b l e  p and some v e c t o r  se t  
of v a r i a b l e s  which g i v e s  t h e  v a l u e  of t h e  r e c i p r o c a l  of t h e  magnitude s q u a r e d  
of a network f u n c t i o n .  The b a s i c  complex o p t i m i z a t i o n  p rocedure  may be s t a t e d  
a s  r e q u i r i n g  t h a t  t h e  f u n c t i o n  e q u a l  z e r o  when e v a l u a t e d  a t  some v a l u e  p of 
t h e  f u n c t i o n a l  v a r i a b l e  p. Thus w e  w i s h  t o  f i n d  a s p e c i f i c  v e c t o r  which 
s a t i s f i e s  t h e  r e l a t i o n  0 = f ( p  x ) *  The u s u a l  o p t i m i z a t i o n  approach  f o r  d o i n g  
t h i s  is  t o  s t a r t  w i t h  some v e c t o r  x 
e r r o r  c r i t e r i a .  A c o n v e n t i o n a l  o p t i m i z a t i o n  s t r a t e g y  is  then  a p p l i e d  i n  a n  
e f f o r t  t o  minimize E by v a r y i n g  E.  Such il procedure  f a c e s  s e v e r a l  p o s s i b l e  
d i f f i c u l t i e s ,  f o r  example,  non-conLerSence, convergence  t o  a l o c a l  r a t h e r  t han  
a g l o b a l  optimum, t h e  p o s s i b i l i t y  of a n o n - p h y s i c a l l y  r e a l i z a b l e  s o l u t i o n  v e c t o r  
2, 
begin  by choos ing  a p h y s i c a l l y  r e a l i z a b l e  v e c t o r  s e t  of v a r i a ’ ) l c s  x 
known t o  produce  a pole a t  pf,* 
set of i n t e r m e d i a t e  q u a n t i t i e s  p = P o  -k i Using 




f o r  which f ( p n , x o )  = E 0 where C is an  -8 
e t c .  . To a v o i d  t h e s e  d i f f i c u l t i e s  we may a p p l y  a constraint p rocedure .  We 
which  is  -0 
Thus tie d e f i n e  0 = f (p , , ,xo) .  
i 
Ve n e x t  d e f i n e  a 
where Ap = (p,, - p,>/n.  
Starting point 
Problem 
F ig . 11 Comp lex Optimization 
Example Problem 
Pole  Location R (  ohms ) C( far;rlS) 
0 + j.1 0.056 11.19 










18.58 11.33 0 .125  I 
9.61 
9.63 
Iv. t 2  
Fig. 12 Results of Using Non-Constrained 





which  s a t i s f i e s  f ( p l j x l )  = 0. 
f o r  t h e  d e t e r m i n a t i o n  of x The p r o c e s s  is 
c o n t i n u e d  u n t i l  x is found.  By choos ing  a s u f f i c i e n t 1 . y  large v a l u e  of n p  
t h e  v a l u e  p can be p o s i t i o n e d  so c l o s e l y  t o  p ( f o r  which a g l o b a l  optimum 
s o l u t i o n  x is known), t h a t  x is a g l o b a l  optimum s o l u t i o n  w i t h  p h y s i c a l l y  
r e a l i z a b l e  pa rame te r s ,  s i m i l a r l y  t h e  o t h e r  s o l u t i o n  v e c t o r s  x s a t i s f y i n g  t h e  
r e l a t i o n s  0 = f ( p i s x i )  w i l l  a l s o  be g loba l  o p t i m a l  s o l u t i o n s .  
s t i t u t e  n small o p t i m i z a t i o n  problems f o r  t h e  large one  o r i g i n a l l y  posed ,  
The b a s i c  c o n s t r a i n e d  complex O p t i m i z a t i o n  s t r a t e g y  f o r  t h e  r e a l i z a t i o n  of  a 
s i n d l e  dominant p o l e  a t  p i s  shown i n  F i g .  10. 
The v e c t o r  x is then  used  as a s t a r r ing ,  p o i n t  -1 





Thus w e  s u b -  
n 
A s  a n  example of t h e  a p p l i c a t i o n  of Cons t r a ined  complex o p t i m i z a t i o n  t o  
a t y p i c a l  DLA network s y n t h e s i s  problem c o n s i d e r  t h e  network shown i n  F i g ,  11, 
The c i r c u i t  c o n s i s t s  o f  two lumped r e s i s t o r s ,  a d i s t r i l m t e d  RC ne twork  and an  
o p e r a t i o n a l  ( i n f i n i t e  g a i n )  a m p l i f i e r .  The p r o p e r t i e s  of t h i s  c i r c u i t  w i l l  be 
d i s c u s s e d  i n  more d e t a i l  i n  a f u t u r e  r e p o r t .  Here t h e  c i r c u i t  w i l l  be used  as  
a media f o r  i l l u s t r a t i n g  c o n s t r a i n e d  complex o p t i m i z a t i o n .  The parauie te r  
v e c t o r  f o r  t h i s  c i r c u i t  may be d e f i n e d  as 5 = (R,C) . The p o r t i o n  of  t h e  
c i r c u i t  on t h e  r i g h t  i n  F i g .  11 c o n s i s t i n g  of t h e  d i s t r i L u t e d  RC ne twork  and 
t h e  resistor K is well-known as  a n u l l  ne twork .  S p e c i f i c a l l y ,  f o r  t h e  v a l u e s  
R = 0.056 ohm and C = 11.19 F, t h e r e  is no  t r a n s m i s s i o n  th rough  t h e  d i s t r i b u t e d  
RC network a t  a f requency  of 1 r a d / s e c ,  Thus, a t  t h i s  f requency  t h e r e  is no  
n e g a t i v e  feedback  around t h e  o p e r a t i o n a l  a m p l i f i e r  and t h e  g a i n  of t h e  network 
is d i r e c t l y  e q u a l  t o  t h a t  of t h e  a m p l i f i e r .  I n  e f f e c t  t h i s  c l o s e l y  approx ima tes  
t h e  c o n d i t i o n  where t h e  ne twork  has  a p o l e  a t  t h e  c o r r e s p o n d i n g  complex f requency ,  
namely, 0 t j l .  Thus,  w e  have d e f i n e d  an  i n i t i a l  v e c t o r  x which h a s  t h e  v a l u e  
t 
-0 
t (0.056, 11 .19 )  which is known t o  produce  s u c h  a p a i r  of p o l e s .  Suppose EO 
t h a t  w e  now d e s i r e  t o  modify t h e  parameter v e c t o r  x so as t o  produce  poles a t  
-1 + j O . 1 .  F i r s t  Pet u s  a t t e m p t  t o  do t h i s  by u s i n g  c o n v e n t i o n a l  (non-con-  
s t r a i n e d )  complex o p t i m i z a t i o n .  The r e s u l t s  .of s u c h  an  a t t e m p t  u s i n g  a 
F l e t c h e r - P o w e l l  s t r a t e g y  are  shown i n  Fig.. 12 .  From t h e  data  i t  is c lear  t h a t  
t h e  o p t i m i z a t i o n  s t r a t e g y  converges  r a p i d l y  (on  t h e  second i t e r a t i o n )  t o  a non- 
A,hobal optimum, and, even a f t e r  many more i t e r a t i o n s )  i t  has  been unab le  t o  
r educe  t h e  error t o  a n y t h i n g  approach ing  t h e  v a l u e  of  10 which was s p e c i f i e d  
as t h e  c r i t e r i o n  f o r  t h e  con e rgence  of t h i s  problem. Mc)w le t  us see how t h e  
c o n s t r a i n e d  complex o p t i m i z a t i o n  t e c h n i q u e  d e s c r i b e d  above o p e r a t e s  on t h i s  




media t e  s t e p s ,  t h e  r e s u l t s  o b t a i n e d  are  shown i n  Fig. .  13. For e a c h  i n t e r -  
med ia t e  change f o r  t h e  r e q u i r e d  p o l e  p o s i t i o n  t h e  o p t i m i z a t i o n  s t r a t e g y  r a p i d l y  
converges  t o  a n  e r r o r  less than  t h e  s p e c i f i e d  minimum v a l u e  of 10 I n  
a d d i t i o n ,  a f i n a l  s o l u t i o n  v e c t o r  x = ( 0 - 5 5 5 ’ b j  4 * 1 1 )  i s  found s a t i s f y i n g  -10 
t h e  r e q u i r e m e n t s  o f  t h e  problem. R comparison of  t h e  resu l t s  o b t a i n e d  by 
a p p l y i n g  n o n - c o n s t r a i n e d  and Cons t r a ined  complex o p t i m i z a t i o n  is g iven  i n  
F i g .  l’ t-  
-8  
t 
V .  I_ Automated P r e p a r a t i o n  of  D W  Network DesiAn C h a r t s  
I n  g e n e r a t i n g  mean ingfu l  r e s u l t s  d e s c r i b i n g  dominant p o l e  p o s i t i o n s  f o r  
DLA networks  f r e q u e n t  r e c o u r s e  is made t o  two-dimens iona l  c h a r t s  which  g ive  
t h e  l o c a t i o n  o f  one o f  t h e  domin*ant complex c o n j u g a t e  p o l e s  as a f u n c t i o n  of 
t w o  o f  t h e  network p a r a m e t e r s .  The concep t  of c o n s t r a i n e d  complex o p t i m i z a t i o n  
d e s c r i b e d  above is r e a d i l y  adap ted  t o  t h e  development of s u c h  d e s i g n  c h a r t s ,  
I n  such  an  a p p l i c a t i o n ,  hav ing  found a s e t  of v a r i a b l e s  x 
w e  p roceed  t o  r e a p p l y  OUT o p t i m i z a t i o n  s t r a t e g y  to  € i n d  a vector x which 
s a t i s f i e s  0 = f ( p l  11 ) >  where p 
i n  t h e  v i c i n i t y  o f  p Repea t ing  t h i s  p r o c e s s  f o r  a se r ies  of v a l u e s  p such  
t h a t  a g r i d  o f  p o i n t s  c o v e r i n g  some d e s i r e d  area i n  t h e  complex f r equency  p l a n e  
i s  t r e a t e d ,  w e  may r e a d i l y  i n t e r p o l a t e  between t h e  v a l u e s  oE t h e  e l e m e n t s  of  
t h e  v e c t o r s  x so a s  t o  c o n s t r u c t  e q u a l - v a l u e d  c o n t o u r  l i n e s  for t h e  network 
v a r i a b l e s .  Such  a procedure  is r e a d i l y  implemented on t h e  d i g i t a l  computer,  and 
i t  p r o v i d e s  an e f f e c t i v e  approach  t o  t h e  au tomated  p r e p a r a t i o n  of  d e s i g n  c h a r t s  
f o r  DL4 ne tworhs .  As an  example o f  t h e  a p p l i c a t i o n  of  s u c h  an  automated d e s i g n  
p rocedure  l e t  us c o n s i d e r  t h e  ne twork  shown i n  F i g *  11. The g e n e r a l  problem is 
i l l u s t r a t e d  s c h e m a t i c a l l y  i n  F i g .  15.  U s i n g  complex o p t i m i z a t i o n  a g r i d  on t h e  
complex f r equency  p l a n e  was d e f i n e d  by u s i n &  11 v a l u e s  o f  I m  p from 1 to  0 and 
11 v a l u e s  of IC p from -1 t o  0. Complex o p t i m i z a t i o n  w a s  a p p l i e d  a t  e a c h  of  
t h e s e  p o i n t s  on t h e  complex p l a n e ,  t hus ,  111 s e p a r a t e  o p t i m i z a t i o n  problems were 
s p e c i f i e d .  The s t a r t i n g  p o i n t  p was chosen  as  0 + j l  u s i n g  t h e  known s o l u t i o n  
v e c t o r  x = (0.056, 11 .19)  d e f i n e d  i n  S e c .  P V .  A summary o f  t h e  r e s u l t i n g  d a t a  
o b t a i n e d  is shown i n  F i g .  16. Using t h i s  d a t a  t o  l o c a t e  e q u a l - v a l u e d  c o n t o u r s  
for t h e  networh pa rame te r s  R rand C l e a d s  t o  t h e  d e s i g n  c h a r t  shown i n  F i g ,  l v ,  
Thus ,  t h e  network shown i n  Fig. 11 may be used  t o  produce  a dominant p a i r  of 
complex c o n j u g a t e  p o l e s  anywhere i n  t h e  l e f t - h a l f  o f  t h e  complex f r equency  p l a n e  
by choos ing  t h e  v a l u e s  of  t h e  lumped r e s i s t o r  R and t h e  d i s t r i b u t e d  c a p a c i t a n c e  
s u c h  t h a t  0 = f (p t , ,EO)P -0 
-1 
is some v a l u e  of t h e  complex f r equency  v a r i a b l e  , 1  a 





Step 1 P Iterations I R ( o h m s )  
I I 0 I W j 1  




Error = - (p) 
0 1 0.0561 11.19 
5 1 0.0805 1 10.57 
1 -012+j0.82 I 5  ' 0.1167 I 9.82 
I 
I i 
1 ' -0.1-cjo.91 
2 
i I  
9 1 -0.9+j0.19 ; 0.53 16 4.54 
Fig. 13 Results of Using Constrained Optimization on Complex 
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Fig. 14 Comparison of Results from Constrained and Non- 
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Example Problem 
-11 4.11 1 1.16~19 . 
Optimization Algorithm R(ohms) C( farads) 
Non-Constrained 18.55 9.63 
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Fig* 16 Design Cnarti for t h o  Pktwork shown in Fig. 3 . l .  
16 
C shown i n  t h e  c h a r t  i n  F i g *  16. The method is r e a d i l y  a p p l i e d  t o  a wide 
r a n g e  of o t h e r  D M  s y n t h e s i s  problems.  
V I  a Conc lus ion  
T h i s  r e p o r t  h a s  d e s c r i b e d  t w o  new r e s u l t s  which  have been found t o  be of 
s i g n i f i c a n t  impor t ance  i n  t h e  s y n t h e s i s  of D L A  ne tworks .  The f i r s t  of t h e s e ,  
namely complex o p t i m i z a t i o n ,  is a s i m p l e  method f o r  a c h i e v i n g  an  approx ima t ion  
t o  some d e s i r e d  network per formance  u s i n g  a DEB network .  The per formance  
s p e c i f i c a t i o n s  are g i v e n  i n  terms of t h e  p o l e  and z e r o  c o n f i g u r a t i o n  f o r  t h e  
d e s i r e d  c h a r a c t e r i s t i c s .  The c o m p u t a t i o n a l  e f f o r t  r e q u i r e d  a t  e a c h  appl icm-  
t i o n  of t h e  o p t i m f z a t i o n  s t r a t e g y  is  minimized  o v e r  t h a t  r e q u i r e d  by o t h e r  
methods.  The second r e s u l t ,  namely c o n s t r a i n e d  complex o p t i m i z a t i o n ,  is a 
g e n e r a l  t e c h n i q u e  which may be a p p l i e d  t o  a wide v a r i t y  o f  o p t i m i z a t i o n  problems.  
I t  p r o v i d e s  a means of p r e v e n t i n g  convergence  t o  a l o c a l  minimum and h e l p s  t o  
c o n s t r a i n  t h e  v a l u e s  o f  t h e  ne twork  v a r i a b l e s  i n  s u c h  a way t h a t  t h e  p o s s i h -  
i l i t y  o f  a s o l u t i o n  r e q u i r i n g  u n r e a l i z a b l e  p a r a m e t e r  v a l u e s  i s  minimized.  
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the I n s t r u m e n t a t i o n  D i v i s i o n ,  h e s  R e s e a r c h  C e n t e r ,  N a t i o n a l  A e r o n a u t i c s  and 
Space A d m i n i s t r a t i o n ,  M o f f e t t  F i e l d ,  C a l i f o r n i a ,  unde r  G r a n t  NGL-03-002-136. 
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